DTT transform relationship derivation

Introduction.

In the paper “The Algebraic Approach to the Discrete Cosine and Sine Transforms and their Fast
Algorithms” [1] an example of DTT relationship is described (see Example 8.4. DCT-1 and DST-2 on
page 21). Though, some of details are not clear enough. Here I’m presenting original text (blue colour)
of this example with my comments added (black colour).

Example 8.4. DCT-1 and DST-2.
We will translate a DCT1,.,, into a DST2,. Using again table 6.1 we get as associated algebras and
bases
DCT1y,q © Clx] / (x? — 1)Up_4, b = (T, .., Ty)
DST2y & Clx] / (x + 1)Upy_1, b=W,,.., Wy_1)
Note that we have to choose N+1 and N respectively, to obtain comparable
algebras.  We  have DCT1y,; = [Ty(ax)lx;, and DST2y =D - [W;(ax)lx; ,  where

Qj = CoS (%”) k =0...N are the zeros of (x2 — 1)Uy_; (2nd row in Table 4.2). For the DST2,,
a, = 1 is skipped.

This representation means that DCT1 matrix is defined in terms of Tschebyshev polynomials T, (x),
computed at roots of ring characteristic polynomial P, (x) = (x? — 1)Uy_4, and DST2 matrix is
defined in terms of Tschebyshev polynomials W,, (x), computed at roots of ring characteristic
polynomial P,(x) = (x + 1)Uy_;.

According to the Table 4.2 roots are

k+1
P,(ay) =0, a, = cos (%) k=-1.N-1
k+1
P(ay) =0, ay = cos(%), k=0..N—-1
Hence, matrix DCT1
To(a_y) Ti(a—y) -+ Ty(a-q)

DCT1y41 = [Ty ()]s = To(:ao) Ty ()

To(ay-1) Ty(an-1)
And matrix DST2

[ Wolag)  Wilaog) - Wy_i(ao) ]
DST2y = D - [Wy(e)]i; = D l Wolaw)  Wh(@)

Wo(ay-1) Wy_1(ay-1)
Here for DCT1, k index runs from -1 to N, that is different from original text.

The scaling matrix is D = diaglZ (sin ((k;’)”» (Table 6.2).

According to Table 6.1, scaling multiplier is sin G e). Value 6 could be found from table 5.1 (see red
lasso-line).

We compute the base change matrix B for
Clx]/(x?* = DUy, = Clx] / (x = 1) © Clx] / (x + DUy_4



The bases are b, (1), b’, = %(Wl — W;_,) (4th row, 3rd column in Table 4.3)
and Ty = %(WN—WN_l) = —Wy_,mod(x + 1)Uy_, (because, again from Table 4.3, (x + 1)Uy_, =
%(WN_WN—l) ) we get

respectively. Using T,

1 -2
The 1’s in the first row are due to Tl(l) =1 (Lemma 4.2). We get [T;(ay)]x,; = (I1

B and hence

VVl(ak)]k,l) )
(I; & D) -DCT1y,q = (I, © DST2y) - B

Relation between T;(x) and W;(x) polynomials according to the table 4.3 is

: T [WaT 1
2o e 11
! Wi (x) 1 1 -1
_ L .
Tn-1(x) L
v | N

By green colour we marked basis elements out of boundaries of transform definition. Next step is
finding symmetry relation for basis elements outside of boundaries.

According to the symmetry (table 4.2), W_,(x) = —Wy_1(x)mod(x +
1)Uy_4. So, this relation can be modified to

—Wy(x) and Wy(x) =

- T (x _T
. 8 Wo@) 1 12 -1
1 Wl(X) 1 1 -1
Ty-1(x) —_
i TN(X) | WN—l(x) 2
Substituting «, ... ay_ for x, we get relation between matrices generating DCT1 and DST2 transforms
To(ag)  Ti(ap)
To(an-1) Ty(ay-1)
Wolwo) Wilag) -+ Waa(a) ] [2 71
_ Wy (ay) Wi (ay) l . .
: 2
Wo(ay_1) Wy_1(ay-1) l _zJ

Taking into account that T;(a_;) = T;(1) = 1, we can add first row to the T-matrix in a next way



To(a_y) Ti(a—y) - Ty(ay)
To(ao) Ty (ao)

TO(a.N—l) | Ty(ay-1)
1

= l | Wo(ay) Wi (ay)

]
N
WO(C;N—l) Wy_1(ay- 1)J

Or

[Wo(ao) Wi(ao) -+ Wy_q(ap) ] 2 -1

va—x

[Ty (@ )] k=—1.nv-10=0.v = (I. D Wi(@i)]k=0.N-11=0.v-1) " B

By multiplication both sides by (I; @ D) - DCT1,.,, we can get final result

(11 @ D) b DCT1N+1 = (11 69 DSTZN) B

Appendix (Extracted tables)
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Table 5.1. (page 12) (6 is marked by red lasso-line)




Fo— Py 2 Pr Fo— Ph Fo4 Pr
T, |22 -1, > T, (z-1)W_._, (z+1)V,_,
U, 2T, U, Vi W,
Vo [ 2(z—1)W,_, V, 2z-1)U,_, 2T,
Wo | 2(z+ 1)V Wy 2T, e+ 1)U,
Table 4.3 (page 11)
left b.c. o (e right b.c. Gs 34
a_q1 = dj o 2 Ap = p_2 2 0
a_, =10 0 1 iy =0 1 0
a_; = day | | y = gy g 1 |
a_,=—ay | -1 1 Ay = —fly_ ] 1 -1
Table 5.3. (page 13)
Ay — By dn by — 1 by + @p_1
DCT-1 DCT-3 DCT-5 DCT-7
(k1 1 T - ro .
2z — 1) Up_2 T, (r—1)Whn_1 | (z+1)Va_;
0 sind | U, DST-3 DST-1 DS':["-T DST—:S
2T, U, V., W,
| i DCT-6 DCT-5 DCT-2 DCT-4
do feoszf ) Vel o W | v | 20— 1)UL o,
L ) DST-H DST-6 DST-4 DST-2
—aofsmgf \ Well o by, | oW, o, e + U,
Table 6.1 (page 16)
iy =py_2 =0 ap=tp_1 Op = —ily_]
a_1 = i DCT-1 DCT-3 DCT-5 DCT-7
a_, =10 DST-3 DST-1 DST-7 DST-5
a_, = dg DCT-6 DCT-8 DCT-2 DCT-4
a_; = —iy DST-8 DST-6 DST-4 DST-2




Table 5.3. (page 13)

n=01 closed form symmetry ZETOS welght w(x)
T lr cos(nd) T .=T, COs (ktg)w 1
T % o J —Ti T = e P |:1 . -1‘2)]-.2
. sin(n + 1)8 . . (kt1)m S
[, 1.2x 7 Upn=-Un2 cosiTHE (1- x?)l/2
. 1 1,2
] cos(n 4+ =)0 i i N R 14+ )
V, | 1.2z — 1 { ] 2) V_ .=V, _, cos "1] ( ) _
cos 5 ntg (1 —mx)t/e
: 1 1,2
sin(n + )8 ) ] e 1 (1—z)!
Wl 1.2z +1 — W__ =—W, , coslEtJT _
n i i‘E n n—1 N+ (1+ T}LI..‘:_I
Table 4.2. (page 10)
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